Quantum theory of preparation and measurement by Pegg, D.T. et al.
Strathprints Institutional Repository
Pegg, D.T. and Barnett, S.M. and Jeffers, J. (2002) Quantum theory of preparation and
measurement. Journal of Modern Optics, 49 (5-6). pp. 913-924. ISSN 0950-0340
Strathprints is designed to allow users to access the research output of the University of Strathclyde.
Copyright c© and Moral Rights for the papers on this site are retained by the individual authors
and/or other copyright owners. You may not engage in further distribution of the material for any
profitmaking activities or any commercial gain. You may freely distribute both the url (http://
strathprints.strath.ac.uk/) and the content of this paper for research or study, educational, or
not-for-profit purposes without prior permission or charge.
Any correspondence concerning this service should be sent to Strathprints administrator:
mailto:strathprints@strath.ac.uk
http://strathprints.strath.ac.uk/
 
 
Pegg, D.T. and Barnett, S.M.* and Jeffers, J.* (2002) Quantum theory of preparation and measurement. 
The Journal of modern optics, 49 (5-6). pp. 913-924. ISSN 0950-0340 
 
 
 
 
 
http://eprints.cdlr.strath.ac.uk/5854/
 
 
 
This is an author-produced version of a paper published in The Journal of modern optics, 49 (5-6). 
pp. 913-924. ISSN 0950-0340. This version has been peer-reviewed, but 
does not include the final publisher proof corrections, published layout, or pagination. 
 
Strathprints is designed to allow users to access the research output of the University 
of Strathclyde. Copyright © and Moral Rights for the papers on this site are retained 
by the individual authors and/or other copyright owners. You may not engage in 
further distribution of the material for any profitmaking activities or any commercial 
gain. You may freely distribute both the url (http://eprints.cdlr.strath.ac.uk) and the 
content of this paper for research or study, educational, or not-for-profit purposes 
without prior permission or charge. You may freely distribute the url 
(http://eprints.cdlr.strath.ac.uk) of the Strathprints website. 
 
Any correspondence concerning this service should be sent to The 
Strathprints Administrator: eprints@cis.strath.ac.uk 
 
ar
X
iv
:q
ua
nt
-p
h/
02
07
17
4 
  3
0 
Ju
l 2
00
2
1
Quantumtheoryofpreparationandmeasurement
DAVIDT.PEGG
SchoolofScience,GriffithUniversity,Nathan,Brisbane,
Q4111,Australia
STEPHENM.BARNETTandJOHNJEFFERS
DepartmentofPhysicsandAppliedPhysics,University
ofStrathclyde,GlasgowG40NG,Scotland
PACSnumbers:03.65.Ta,03.67.Hk
Authorforcorrespondence:D.T.Pegg
Phone:+61738757152,Fax:+6138757656,Email: D.Pegg@sct.gu.edu.au
2Abstract. Theconventionalpostulatefortheprobabilisticinterpretationofquantum
mechanicsisasymmetricinpreparationandmeasurement,makingretrodictionr elianton
inferencebyuseofBayes’theorem.Herewepresentamorefundamentalsym metric
postulatefromwhichbothpredictiveandretrodictiveprobabilitiesemergeimmedi ately,
evenwheremeasurementdevicesmoregeneralthanthoseusuallyconsidereda re
involved.Weshowthatthenewpostulateisperfectlyconsistentwiththeconventional
postulate.
31.Introduction
TheconventionalformalismofquantummechanicsbasedontheCopenhagen
interpretationisessentiallypredictive.Weassignastatetoasystem basedonour
knowledgeofapreparationeventandusethisstatetopredicttheprobabilitiesof
outcomesoffuturemeasurementsthatmightbemadeonthesystem.Ifwehave
sufficientknowledgetoassignapurestate,thenthisstatecontainsthemaxi mumamount
ofinformationthatnatureallowsusforprediction.Withlessknowledge,wecanonly
assignamixedstate.Thisformalismworkssuccessfully.Sometimes,however ,wemay
haveknowledgeoftheresultofameasurementandwishtoretrodictthestateprepa red.
Aparticularexampleofthisisinquantumcommunicationwheretherecipientrece ivesa
quantumsystemthatthesenderhaspreparedandsent.Ifthepreparedstatehasnot
evolvedatthetimeofmeasurementtoaneigenstateoftheoperatorrepresenti ngthe
recipient’smeasurement,thenthebestretrodictionthattherecipientcanma keisto
calculateprobabilitiesthatvariousstateswereprepared.Whileitispossi bletodothisby
usingtheusualpredictiveformalismandinferencebasedonBayes’theorem[1],t hisis
oftenquitecomplicated.Aharonov etal. [2],ininvestigatingtheoriginofthearrowof
time,formulatedaretrodictiveformalismthatinvolvesassigningastateb asedon
knowledgeofthemeasurementoutcome.Thisstateisassignedtothesystemjustprior to
themeasurementandevolvesbackwardintimetothepreparationevent.Whilethis
formalismseemstoofferamoredirectmeansofretrodiction,Belinfante[3]ha sargued
thattheformalismisonlyvalidinveryparticularcircumstancesthates sentiallyinvolve
thepreparedstates,whichinhiscaseareeigenstatesofapreparationopera tor,havinga
4flat a priori probabilitydistribution.Whilethelackofpreparationknowledgeassociated
withsuchanunbiaseddistributionissometimesapplicable,ingeneralitisnot.
Inourrecentwork[4-6]wehavefoundquantumretrodictionusefulforavariety
ofapplicationsinquantumoptics.Furthermoretheformalismcanbegeneraliseds oasto
beapplicablewhenthereisnotaflat a priori probabilitydistributionfortheprepared
statesbyusingBayes’theorem[6].Thepriceofthisgeneralisationappe arstobealoss
insymmetrybetweenpreparationandmeasurement.Inthispaperweadoptaforma l
approachtoinvestigatethisquestionmoreclosely.Wefindthatwecanreplacetheus ual
measurementpostulateoftheprobabilityinterpretationofquantummechanicsbya
fundamentalpostulatethatissymmetricinmeasurementandpreparation.Thisall owsus
toformulateamoregeneraltheoryofpreparationandmeasurementthanthatofthe
conventionalformalismandmakescleartherelationshipbetweenthepredictive and
retrodictiveapproaches.ThenewpostulatealsoallowsustoseeclearlyBel infante’s
argumentinanappropriateperspective.Weshowthatournewpostulateisentirelyi n
accordwiththeconventionalpostulate.Theretrodictiveformalismresultsinthe same
calculatedexperimentaloutcomesofquantummechanicsasdoestheconventional
approachdespitethefactthatweascribeadifferentstatetothesystem between
preparationandmeasurement.
2.Preparationandmeasurementdevices
WeconsiderasituationwhereAliceoperatesadevicethatpreparesaquantum
systemandBobdoessubsequentmeasurementsonthesystemandrecordstheresults.
Thepreparationdevicehasareadoutmechanismthatindicatesthestatethesys temis
5preparedin.Weassociateapreparationreadoutevent i,where   i =1,2,L ,ofthe
preparationdevicewithanoperator Λ i actingonthestatespaceofthesystem,whichwe
callapreparationdeviceoperator(PDO).Thisope ratornotonlyrepresentstheprepared
statebutalsocontainsinformationaboutanybias initspreparation.Abiasmightarise,
forexample,becausethedevicemaynotbeableto producecertainstatesorAlicemay
chooserarelytoprepareotherstates.Wedescribe theoperationofthepreparationdevice
mathematicallybyasetofPDOs.Themeasurementde vicealsohasareadoutmechanism
thatshowstheresultofthemeasurement.Weassoci ateameasurementreadoutevent j ,
where  j =1,2,L ,ofthemeasurementdevicewithameasurementdevi ceoperator(MDO)
Γ j actingonthestatespaceofthesystem.Thisoper atorrepresentsthestateofthesystem
associatedwiththemeasurementandcontainsinform ationaboutanybiasonthepartof
Boborthedeviceinhavingthemeasurementrecorde d.ForexampleforavonNeumann
measurementtheMDOwouldbeproportionaltoapure stateprojector.Wedescribethe
operationofthemeasurementdevicemathematically byasetofMDOs.Ingeneralthe
operators Λ i neednotbeorthogonaltoeachother,andnordot heoperators Γ j .
Inordertoeliminatethecomplicationoftimeevol utionweassumefornowthat
thesystemdoesnotchangebetweenpreparationand measurement.Forexample,there
maynotbeasufficientlylongtimebetweenprepara tionandmeasurementforevolution
tooccur.InanexperimentAlicechoosesastatet oprepareand,whenthereadout
mechanismindicatesthatthisstatehasbeensucces sfullyprepared,thepreparation
readoutevent i isautomaticallysenttoacomputerforrecording. Bobthenmeasuresthe
system.Ifhechooses,hemaythensendthemeasur ementreadoutevent j obtainedtothe
computerforrecording.Ifthecomputerreceivesa recordfrombothAliceandBobit
6registerscombinedevent (i, j).Themeasurementdevicemaynotproduceareadout
eventcorrespondingtoeverypossiblepreparatione ventanddifferentpreparationevents
mayleadtothesamemeasurementreadoutevent.Th ereisnotnecessarilyauniform
probabilitythatBobwillrecordallreadoutevents .Thepreparationdevicemaybe
capableofpreparingonlyalimitednumberofstate s.Thereisnotnecessarilyauniform
probabilitythatAlicewillchoosetoprepareallt hesestates.Theexperimentisrepeated
manytimeswithAlicechoosingstatestoprepareas shewishesandBobrecordingthe
measurementreadouteventshechooses.Thecomputer producesalistofcombined
events( i, j)fromtoeachexperiment,fromwhichvariousoccur rencefrequenciescanbe
found.
Wemaywishto predict themeasurementresultthatwillberecordedina
particularexperimentonthebasisofourknowledge oftheactualpreparationevent i and
ourknowledgeoftheoperationofthemeasuringdev ice,thatis,ofthesetofMDOs.
Becauseofthenatureofquantummechanics,weusua llycannotdothiswithcertainty,
thebestwecandoistocalculatetheprobabilitie sthatvariouspossiblestateswillbe
detectedandrecordedbyBob.Similarlythebestw ecandoin retrodictingthe
preparationeventrecordedbyAliceinaparticular experimentonthebasisofour
knowledgeoftherecordedmeasurementevent j andourknowledgeofthesetofPDOs
forthepreparationdevice,istocalculateprobabi litiesforpossiblepreparationevents.
Ouraiminthispaperistopostulateafundamental relationshipthatallowsustocalculate
suchpredictiveandretrodictiveprobabilities,whi chcouldthenbecomparedwiththe
occurrencefrequenciesobtainedfromthecollection ofcombinedevents (i, j) recorded
7bythecomputer.Inthiswayatheoryofquantumr etrodictionisverifiable
experimentally.
Difficultieshaveariseninstudyingretrodiction[ 3]becausetheusualformulation
ofquantummechanicsispredictive.Thatis,measu rementtheoryisformulatedinterms
ofpredictingmeasurementoutcomes.Inordertoke eppreparationandmeasurementas
wellaspredictionandretrodictiononasymmetric footing,itisconvenienttoreformulate
theprobabilityinterpretationofquantummechanics bymeansofpostulate(1)below.
Weshowthatthisleadstotheconventionalasymmet ricpredictivepostulateand,asan
assurancethatourapproachisperfectlyequivalent topredictivetheory,intheAppendix
wederivepostulate(1)fromconventionalmeasureme nttheory.
3.Fundamentalpostulate
Asamplespaceofmutuallyexclusiveoutcomescanb econstructedfromthe
collectionofrecordedcombinedeventsbyidentifyi ngtheseeventswithpointsofthe
spacesothatidenticaleventsareidentifiedwith thesamepoint.Aprobabilitymeasure
assignsprobabilitiesbetweenzeroandonetothep ointssuchthattheseprobabilitiessum
tounityforthewholespace.Theprobabilityassig nedtoapoint (i, j) isproportionalto
thenumberofcombinedevents (i, j) identifiedwiththatpoint,thatis,totheoccurr ence
frequencyoftheevent (i, j).Ourfundamental postulateinthispaperfortheprobabilistic
interpretationofquantummechanicsisthatthepro babilityassociatedwithaparticular
point (i, j) inthissamplespaceis
PΛΓ(i, j) = Tr(
Λ i Γ j)
Tr( Λ Γ ) (1)
8wherethetraceisoverthestatespaceofthesyst emand
Λ = Λ i
i
∑ (2)
Γ = Γ j
j
∑ . (3)
Inordertoensurethatnoprobabilitiesarenegati ve,weassumethat Λ i and Γ j arenon-
negativedefinite.Ifacombinedeventfromanexp erimentchosenatrandomisrecorded
thenexpression(1)istheprobabilityforthateve nttobe( i, j).Thatis,expression(1)is
theprobabilitythatthestatepreparedbyAliceco rrespondsto Λ i andthestatedetected
byBobcorrespondsto Γ j ,giventhatBobhasrecordedtheassociatedmeasur ement
event.Theessenceofthepostulateliesinthenu meratorof(1);thedenominatorsimply
ensuresthatthetotalprobabilityforallthereco rdedmutuallyexclusiveoutcomesis
unity.Wenotethatthefundamentalexpression(1) onlyrequires Λ i and Γ j tobe
specifieduptoanarbitraryconstant.Thatis,we canmultiplyallthe Γ j bythesame
constantwithoutaffecting PΛΓ(i, j) andsimilarlyfor Λ i .Weusethisflexibilitylaterto
choose Γ j forconveniencesuchthat 1 − Γ isnon-negativedefinite,where 1 istheunit
operator.Weshallalsousethisflexibilityinch oosing Λ i .
From(1)wecandeducethefollowingprobabilities:
9PΛΓ(i) =
j
∑ PΛΓ(i, j) = Tr(
Λ i Γ )
Tr( Λ Γ ) (4)
PΛΓ( j) = Tr(
Λ Γ j )
Tr( Λ Γ ) (5)
PΛΓ( j | i) = P
ΛΓ (i, j)
PΛΓ(i) =
Tr( Λ i Γ j )
Tr( Λ i Γ )
(6)
PΛΓ(i | j) = Tr(
Λ i Γ j )
Tr( Λ Γ j )
(7)
Expression(4)istheprobabilitythat,ifanexper imentchosenatrandomhasarecorded
combinedevent,thiseventincludespreparationeve nt i.Likewise(5)istheprobability
thattherecordedcombinedeventincludesthemeasu rementevent j.Expression(6)isthe
probabilitythat,iftherecordedcombinedeventin cludesevent i,italsoincludesevent j.
Thatis,itistheprobabilitythattheeventrecor dedbyBobisthedetectionofthestate
correspondingto Γ j ifthestatepreparedbyAliceintheexperimentc orrespondsto Λ i .
Expression(6)canbeobtainedbylimitingthesam plespacetothoseeventscontaining i
andisessentiallyBayes’formula[7].Likewise(7 )istheprobabilitythatthestate
preparedbyAlicecorrespondsto Λ i iftheeventrecordedbyBobisthedetectionoft he
statecorrespondingto Γ j .
Expression(6)canbeusedforprediction.Inorde rtocalculatetherequired
probabilityfromourknowledgeofthePDO Λ i associatedwiththepreparationevent i
10
wemustalsoknoweverypossibleMDO Γ j thatis,wemustknowthemathematical
descriptionoftheoperationofthemeasuringdevic e. Similarlywecanuse(7)for
retrodictionifweknow Γ j andallthe Λ i ofthepreparationdevice.
3.Unbiaseddevices
3.1. Aprioriprobability
OfallthestatesthatAlicemightprepare,therei san apriori probability,whichis
independentofthesubsequentmeasurement,thatshe choosesaparticularone.For
PΛΓ(i) in(4)torepresentthis apriori probabilitytheexpressionfor PΛΓ(i) mustbe
independentoftheoperationofmeasurementdevice .Aspecificconditionmustbe
imposedonthemeasuringdeviceanditsoperationt odothis.Thisconditionisthatthe
setofMDOsdescribingtheoperationofthemeasure mentdevicemustbesuchthattheir
sum Γ isproportionaltotheidentityoperatoronthest atespaceofthesystem,thatis
Γ = γ 1 (8)
saywhere γisapositivenumber.Thenwecanreplace ˆΓ inthenumeratorand
denominatorin(4)bytheunitoperatorandtheinf luenceof Γ isremovedfromthe
expression,making PΛΓ(i) equalto PΛ (i) wherethelatterisdefinedas
PΛ(i) = Tr
Λ i
Tr Λ 
(9)
11
Expression(9)isthe Γ j -independent, apriori ,probabilitythatthestatepreparedbyAlice
correspondsto Λ i .
Itisusefulalsotodefineanoperator
ρ i =
Λ i
Tr Λ i
. (10)
Thetraceof ρ i isunitysothesenon-negativeoperatorsare densityoperators describing
thestatesAlicemayprepare.Fromthedefinitions (9)and(10)wecanwrite Λ i as
proportionalto PΛ (i) ρ i .Theconstantofproportionalityalwayscancelsi nthe
expressionsforthevariousprobabilitiessothere isnolossofgeneralityintakingthis
constanttobeunity.Thenwehave
Λ i = P
Λ(i) ρ i . (11)
Weseeexplicitlyfrom(11)howthePDO Λ i ,aswellasrepresentingthepreparedstate,
alsocontainsinformationaboutthebiasinitspre paration.Thebiasingfactorissimply
the apriori preparationprobability.
From(9),(11)and(2)weseethat Λ hasunittracesoitalsoisadensityoperator
givenby
Λ = ρ =
i
∑ PΛ(i) ρ i . (12)
12
Thisisthebestdescriptionwecangiveofthesta tepreparedbyAliceifwedonotknow
whichparticularpreparationormeasurementeventt ookplacebutwedoknowthe
possiblestatesshecanprepareandthe apriori probabilitiesassociatedwitheach.
3.2. Unbiasedmeasurements
Wecalltheoperationofameasurementdeviceforw hich(8)istrue,andthus
PΛΓ(i) = PΛ (i) , unbiased.Notallmeasurementsareunbiased,asweshalld iscusslater,
butfornowweshallfocusonmeasuringdeviceswit hunbiasedoperations.Fortheseitis
convenienttodefine
Π j =
Γ j
γ . (13)
From(6),(8)and(10)wethenobtain
PΛΓ( j | i) = Tr( ρ i Π j ) (14)
From(13)and(8)thesumof Π j istheunitoperator,sothesenon-negative
operatorsformtheelementsofa probabilityoperatormeasure (POM)[8].Ourresult
(14)isthe fundamentalpostulateofquantumdetectiontheory [8].Thusourpostulate(1)
reducestotheconventionalpostulateforunbiased measurements.Expressions(14)and
13
(10)allowustoidentifythePDO Λ i forthepreparationofapurestateasbeing
proportionaltothecorrespondingpurestateprojec tor.
Itisworthremarkingontheasymmetryof(14)int hatthePDOhasbecomea
densityoperatorandtheMDOhasbecomeaPOMeleme nt.Inthesimplecasewhere
boththePDOandtheMDOarepurestateprojectors, asforavonNeumannmeasurement
ofapurestate,symmetryisrestored.Ingeneral, however,densityoperatorsandPOM
elementshavequitedifferentnormalisationpropert ies.Theasymmetryinpreparation
andmeasurement,andhenceatimeasymmetry,doesn otariseherethroughsomebasic
asymmetryinquantummechanics.Ratheritarisesf romourrequestthattheprobability
forAlice’schoiceofpreparationeventbeindepend entofsubsequentmeasurement.This
isusuallyanimplicitassumptionintheconvention al,thatispredictive,probability
interpretationofquantummechanics.Theapparent asymmetryisreinforcedbyadopting
(14)asafundamentalpostulateofmeasurementtheo ryasdoneforexamplebyHelstrom
[8].
Asimple,butimportant,exampleofunbiasedmeasur ementisthecasewhereno
measurementismade.Forexamplethemeasuringdev icemightnotinteractwiththe
systematallandthusgivesameterreadingofzer oforallpreparedstates.Asthereis
onlyonemeasurementreadoutevent,thereisonlyo neMDO Γ j = Γ .Theonly
probabilitythatwecanassigntoapreparationeve ntifwedonotknowthepreparation
readouteventandifwehavemadenomeasurementon thesystemisthe apriori
probability PΛ (i) .Thusifwecalculatetheretrodictiveprobabilit y PΛΓ(i | j) onthebasis
oftheno-measurementstate,thenwemustobtain PΛ (i) .From(7)and(9), Γ must
thereforebeproportionaltotheunitoperatorand sothemeasurementmustbeunbiased.
14
ThesinglePOMelementforthemeasuringdevicemus tbe 1 toensurethatthesumofthe
elementsistheunitoperator.
Theoperationofmostidealmeasuringdevicesisus uallyunbiased,butthisisnot
alwaysthecase.In[6]wediscussedtwo-photonin terferenceforphotonsfroma
parametricdown-converterwhereresultsfromhigher -numberstatesarediscarded.
Anotherexampleisintheoperationalphasemeasure mentsofNoh etal. [9].Herecertain
photo-detectorreadingsarenotrecordedbecauseth eydonotleadtomeaningfulvalues
oftheoperatorsbeingmeasured.Theprobabilities usedfortheexperimentalstatisticsare
thensuitablyrenormalised.
3.3. Unbiasedpreparation
Wesayingeneralthattheoperationofapreparati ondeviceisunbiasedifthe
PDOs Λ i areproportionalto Ξ i where
Ξ i
i
∑ = 1 (15)
thatis,iftheoperators Ξ i formtheelementsofapreparationdevicePOM.Th en,fora
preparationdevicewithanunbiasedoperation, PΛΓ( j) isindependentof Λ i and
PΛΓ(i | j) = Tr( Ξ i ρ jretr )  (16)
where
15
ρ jretr = Γ j /Tr Γ j . (17)
Aspecificexampleofapreparationdevicewithan unbiasedoperationiswhere
Alicepreparesaspin-halfparticleintheupordo wnstate,eachwithaprobabilityofone-
half.Thetwopreparationdeviceoperators Λ up and Λ down canthenbetakenas
proportionaltodensityoperatorsgivenbytheresp ectiveprojectors up up and
down down .Then Λ isproportionaltotheunitoperatoronthestate spaceofthe
particleandwefindfrom(7)that
PΛΓ(up | j) = Tr( up up ρ jretr ) (18)
whichgivestheretrodictiveprobabilitythatthes tateinwhichAlicepreparedtheparticle
wastheupstateifBobdetectedthestate ρ jretr = Γ j /Tr Γ j .Thisisconsistentwith(16)
with Ξ up = up up .
Manypreparationdeviceshavebiasedoperations,so (16)isnotapplicableto
them.Forexamplethepreparationofafieldina photonnumberstatemaybe
constrainedthroughlimitedavailableenergy.Int hiscasethesetofPDOswouldnot
includeprojectorsforhigherphotonnumberstates andthuscouldnotsumtobe
proportionaltotheunitoperatorinthewholestat espaceofthefield.Alternatively,Alice
mightpreparethespin-halfparticleintheupstat eorinanequalsuperpositionoftheup
16
anddownstatesonly.Forsuchsituationwemustus ethemoregeneralformofthe
retrodictiveprobability(7).
4.Timeevolution
Intheconventionalapproach,whenthestateofsys temchangesunitarilybetween
preparationandmeasurement,wereplace ρ i by ρ i(tm ) = U ρ i U† intheappropriate
probabilityformulaewhere U  isthetimeevolutionoperatorbetweenthepreparat ion
time tp andthemeasurementtime tm .Thusinthispaperwereplace Λ i  by
Λ i (tm ) = U Λ i U†  whilenotingthatTr( U Λ i U† ) = Tr Λ i .Thisisclearlyconsistentwith(10)
andyieldstheusualpredictiveformula(14)with ρ i replacedby ρ i(tm ) .Forthe
retrodictiveprobabilityreplacing(7)weobtain,u singthedefinition(17),
PΛΓ(i | j) = Tr(
U Λ i U
†
ρ jretr )
Tr( U Λ U † ρ jretr )
. (19)
Fromthecyclicpropertyofthetracewecanrewrit ethisas
PΛΓ(i | j) = Tr[
Λ i ρ jretr (tp )]
Tr[ Λ ˆ ρ jretr (tp )]
(20)
where ρ jretr (tp ) = U † ρ jretr U  istheretrodictivedensityoperatorevolvedbackwa rdsintime
tothepreparationtime.  Thisistheretrodictiveformulaweobtainedprevio usly[6]using
theconventionalapproachandBayes’theorem[1]. Wenotethat(20)canbeinterpreted
17
asthestatecollapsetakingplaceatthepreparati ontime tp .Thisarbitrarinessinwhenwe
choosetosaythecollapseoccursisnotconfinedt oretrodiction.Eventheconventional
predictiveformulaobtainedfrom(14)byreplacing ρ i(tm )  by ρ i(tm ) = U ρ i U†  canbe
rewritten as Tr( ρ i U † Π j U ) where U† Π j U canbeinterpretedasanelementofaPOM
describingtheoperationofadifferentmeasuringd eviceforwhichthemeasurementevent
takesplaceimmediatelyafterthepreparationtime tp .
5.Example
Asanimportantexampleofourapproach,weapplyi tinthissectiontothe
experimentalsituationenvisagedbyBelinfante[3]. AfterstudyingtheworkofAharonov
etal. [2], Belinfantecametotheconclusionthatretrodiction isonlyvalidinveryspecial
circumstances.Heexaminedthesituationwheream easurementdeviceBmakesvon
Neumannmeasurementswithoutcomescorrespondingto acompletesetofpurestates
bj .Hispreparationdevice,whichpreparespurestat es ai ,comprisesameasuring
deviceAmakingvonNeumannmeasurementsonasyste minastategivenbyadensity
operator ρ g .Thepredictiveprobabilitythatthestatemeasur edis bj ifthestate
preparedis ai is ai bj
2
.Belinfantearguedthatquantumtheorywouldbet ime-
symmetricinitsprobabilityrulesiftheretrodict iveprobabilitythatthestatepreparedis
ai ,ifthestatemeasuredis bj ,istakenas bj ai
2
,whichistheretrodictiveinverseof
ai bj
2
.Thesetwoexpressionsareequal.Belinfantecon cludedthatretrodictionis
18
validonlyifthemixedstateofthesystembefore measurementbyAisuniformly
“garbled”,thatisifthedensityoperator ρ g isproportionaltotheunitoperator.
Letusexaminethissituationintermsofourforma lism.Theoperationofthevon
NeumannmeasuringdeviceBisunbiasedsowecande scribeitbyasetofPDOswhich
formaPOMwithelements
Γ j = Π j
b
= b j b j . (21)
SimilarlytheoperationofthemeasuringdeviceAi sdescribedbythePOMwithelements
Π i
a
= ai ai .The a priori probabilityforstate ρ i = ai ai tobepreparedis Tr( ρ g Π ia ) .
Thusfrom(11)wehave
Λ i = Tr ρ g ai ai( )ai ai (22)
From(14),thepredictiveprobabilityforanunbias edmeasuringdevice,wefindthatthe
probabilitythatthestatemeasuredis bj ifthestatepreparedis ai is ai bj
2
.This
agreeswithBelinfante’sresult.However,theretr odictiveprobability(7)becomes,from
(21)and(22)
PΛΓ(i | j) = Tr
ρ g ai ai( ) ai b j 2
Tr ρ g ai ai( ) ai b j 2      
i
∑
 (23)
19
fortheprobabilitythatthestatepreparedis a j ifthestatemeasuredis bj .Thisagrees
withtheresultofBelinfanteif,andonlyif, ρ g isproportionaltotheunitoperator.
Fromtheabove,weseethatthedifficultywithret rodictionraisedbyBelinfanteis
duetouseoftheretrodictiveinverseofaninappr opriatepredictiveformula.Belinfante
effectivelyfound PΛΓ(i | j) bytakingtheretrodictiveinverseof PΛΓ( j | i) in(14).
However(14)isvalidonlyforunbiasedmeasuringd evicesanditsretrodictiveinverse,
whichisgivenby(16),isonlyvalidforunbiased preparationdevices.Itisnotsurprising
thenthatBelinfantefoundhisretrodictiveformula onlyworkedif ρ g isproportionalto
theunitoperatorasthisispreciselytheconditio nneededtoensurethatthePDOs(22)
describetheoperationofanunbiasedpreparationd evice.Forbiasedpreparationwemust
usetheretrodictiveinverseofthe moregeneral predictiveformula(6)whichisjust(7)as
usedabove.Weconcludethatretrodictionisvalid forageneralpreparationdevice
providedthecorrectformulaisused.
6.Conclusion
Overall,theapproachadoptedinthispapertothe probabilityinterpretationof
quantummechanicsputspreparationandmeasurement onamoreequalfootingthanin
theconventionalapproachwherepreparationisusua llyignoredandthemeasuringdevice
isassumedtobeunbiased.Wehaveformulatedoura pproachintermsofmoregeneral
setsofnon-negativedefiniteoperatorsthanPOMs. Wehavefoundthatforanunbiased
measuringdevice,forwhichthemeasuringdeviceop eratorsreducetotheelementsofa
POM,thepreparationdeviceoperatorscanbewritte nasdensityoperators,absorbingthe
normalisationdenominatorinthegeneralexpression (6).Thisreduces(6)to(14),the
20
conventionalasymmetricpostulateofquantumdetect iontheory.Justas(14)isonly
applicableforunbiasedmeasuringdevices,itsretr odictiveinverse(16)isonlyapplicable
forunbiasedpreparationdevices.Theselatterdev icesareunusualinpractice,which
leadstoBelinfante’sobjectiontoretrodiction.A usefultheoryofretrodictionrequires
thatallowancebemadeforbiasinthepreparation device.Afullysymmetricprobability
interpretationofquantummechanicswouldthenalso requireallowancetobemadefora
biasedmeasurementdeviceaswehavedoneinthisp aper.
Asmentionedintheintroduction,theretrodictive formalismresultsinthesame
calculatedexperimentaloutcomesofquantummechani csasdoestheconventional
approachbasedontheCopenhageninterpretation,de spitethefactthatweascribea
differentstatetothesystembetweenpreparationa ndmeasurement.Intheconventional
approach,thestateassignedtothesystemcontains theinformationneededtopredictthe
outcomesofpossiblemeasurementsonthesystem.I nthissense,theconventional
approachisessentiallypredictiveinnatureandis thusalegitimatepartofthebroader
picturethatalsoincludesretrodiction.Indeedth econventionalapproachissufficientin
thesensethatonecanperformretrodictiveprobabi litycalculationsbyusingittogether
withBayes’theorem.Ontheotherhand,thisappro achisnotnecessaryinthatonecould
performpredictiveprobabilitycalculations,albeit complicated,usingtheretrodictive
formalismplusBayes’theorem.Thusboththeconve ntionalandretrodictiveformalisms
shouldbeviewedmerelyasmeansforcalculatingpr obabilitieswithonebeingmore
convenientthantheotherdependingonthesituatio n.Weshouldalsomention,however,
thatretrodictionalsoraisesinterestingphilosoph icalquestionsifonewishestoascribea
physicalexistenceorrealitytothestateintheo ntologicalsense.Theseissuesgobeyond
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tryingtodecideifthestateofthesystemis“rea lly”thepredictiveortheretrodictive
state.In[5]itisshownthatitispossiblefor theretrodictivestatetobeentangledfor
somesituationswherethereisnoentanglementint hepredictivepicture.Inthepredictive
formalism,theMany-Worldsinterpretation[10]depi ctsanincreasingnumberof
branchinguniversesthatincludethedifferentposs ibleresultsofmeasurementsaswego
forwardintime.IntheretrodictiveformalismaM any-Worldsinterpretationshouldlook
verydifferent.Presumablythebranchingwilloccu raswegobackwardsintimefromthe
measurementtothepreparation.Wedonotintendt opursuesuchquestionshere.As
longastheretrodictiveformalismyieldsthecorre ctquantummechanicalprobabilities,
weviewitasanacceptableandsometimesmoreconv enientapproachtoquantum
mechanicsandshallleavethephilosophicalissues tometaphysics.
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Appendix
Inthisappendixwederiveourgeneralpostulate(1 )fromthestandardpredictive
postulate(14).Aswehavealreadyshownhow(14) followsfrom(1),thisestablishes
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that(1)isbothnecessaryandsufficientforthea cceptedprobabilityinterpretationof
quantummechanics.
Theoperationofthemeasuringdevice M usedbyBobisdescribedbythesetof
MDOs Γ j with   j =1,2,L .Asdiscussedearlier,wechooseforconvenience thearbitrary
constantin Γ j suchthat 1 − Γ isnon-negativedefinite.Thisallowsustodefin easetof
non-negativedefiniteoperators Π k by
Π j = Γ j for   j =1,2,L (A1)
Π 0 = 1− Γ . (A2)
Itisclearfrom(3)thattheoperators Π k sumtotheunitoperatorandthusformthe
elementsofaPOM.WecanusethisPOMtodefinet heoperationofanothermeasuring
device M whichhaspreciselythesameoperationasthatof M,exceptthatitallowsan
extrameasurementevent k = 0 toberecorded.Thereadoutforthiseventcanbe
interpretedas“noneoftheevents j”.Wecanusetheusualpostulatecorrespondingt o
(14)toobtaintheprobabilitythatmeasurementeve nt kwillberecordedby M ifthe
systemispreparedinstate ρ i as
PΛΠ(k | i) = Tr( ρ i Π k ) . (A3)
Thus
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PΛΠ(i, k) = Tr( ρ i Π k)PΛ(i) (A4)
IfBobhadused M inplaceof M,asamplespaceofcombinedevents( i,k )would
havebeenobtainedthatislargerthanthatofeven ts( i,j )obtainedwith Minthatit
includessomeextrapoints( i, 0).Iftheseextraeventsareignored,thenthedi fference
betweentheoperationsof M and M vanishes,sotherestrictedsamplespaceofevents
(i, k) with k ≠ 0 willbethesameasthesamplespaceofevents( i,j )for M.The
probability PΛΓ(i, j)willthusbeequaltotheprobabilityoffindingth eevent( i,k ),with k
notzero,inthisrestrictedsamplespace.Thispr obabilitywillbeequalto PΛΠ(i, j) witha
normalisationfactortoensurethatthetotalproba bilityfortherestrictedsamplespaceis
unity.From(A4),(A1)andfromthedefinition(3) wethenhave
PΛΓ(i, j) = Tr(
ρ i Γ j)PΛ (i)
Tr( ρ i Γ j )PΛ (i)
i, j
∑
.
 =
Tr( ρ i Γ j )PΛ (i)
Tr( ρ Γ )  (A5)
where ρ isdefinedby(12).Ifwenowintroduce Λ i bydefiningitasbeingproportional
to PΛ (i) ρ i ,whichisconsistentwith(10),anddefine Λ by(2),wefindthat(A5)reduces
to
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PΛΓ(i, j) = Tr(
Λ i Γ j)
Tr( Λ Γ ) (A6)
inagreementwith(1).
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